Abstract. Motivated by representation theory and geometry, we introduce and develop an equivariant generalization of Ehrhart theory, the study of lattice points in dilations of lattice polytopes. We prove representation-theoretic analogues of numerous classical results, and give applications to the Ehrhart theory of rational polytopes and centrally symmetric polytopes. We also recover a character formula of Procesi, Dolgachev, Lunts and Stembridge for the action of a Weyl group on the cohomology of a toric variety associated to a root system.
Introduction
Let G be a finite group acting linearly on a lattice M ′ of rank n, and let P be a d-dimensional G-invariant lattice polytope. Let M be a translation of the intersection of the affine span of P and M ′ to the origin, and consider the induced representation ρ : G → GL(M ) (see Section 4) . If χ mP denotes the permutation Date: March 30, 2010. character associated to the action of G on the lattice points in the m th dilate of P , and R(G) denotes the ring of virtual characters of G, then we introduce virtual characters {ϕ i } i∈N determined by the equation
where ϕ[t] = ϕ[P, G; t] = i ϕ i t i . These virtual characters naturally appear when one studies the action of a finite group on the cohomology of an invariant hypersurface in a toric variety [36] . If we restrict to the action of the trivial group, then L(m) = χ mP restricts to the Ehrhart polynomial of P , and ϕ[t] restricts to the h * -polynomial of P . Our goal is to establish and exploit an equivariant generalization of Ehrhart theory, the study of Ehrhart polynomials and h * -polynomials of lattice polytopes (see, for example, [1] , [18] , [25, Chapter 12] ).
We first consider the permutation characters {χ mP } m≥0 . For any positive integer m, let χ * mP denote the permutation character corresponding to the action of G on the interior lattice points Int(mP )∩M ′ in mP . The theorem below is due to Ehrhart in the case when G = 1 [12] . As an application, for any positive integer m, let f P/G (m) (respectively f • P/G (m)) denote the number of G-orbits of mP ∩ M ′ (respectively Int(mP ) ∩ M ′ ). Similarly, let f P/G (m) (respectively f • P/G (m)) denote the number of G-orbits of mP ∩ M ′ (respectively Int(mP ) ∩ M ′ ) whose isotropy subgroup is contained in {g ∈ G | det(ρ(g)) = 1}. By computing multiplicities of the trivial character and det(ρ) in χ mP , we deduce the following corollary. For example, if G = Sym n acts on Z n by permuting coordinates, and P is the standard simplex with vertices {e 1 , . . . , e n }, then f P/G (m) equals the number of partitions of m with at most n parts, and f • P/G (m) equals the number of partitions of m with n distinct parts. In this case, the reciprocity result above is a classical result on partitions [35, Theorem 4.5.7] .
With the notation of the above theorem, we may write
where L i (m) ∈ R(G) is a periodic function in m. We prove that the leading coef- We next consider the power series ϕ [t] . We show that ϕ[t](g) is a rational function in t that is regular at t = 1 (Lemma 6.3), and give a complete description of the corresponding rational class function ϕ [1] (Proposition 6.4). The degree s of P is the degree of h * (t), and the codegree of P equals l = d + 1 − s.
Corollary (Corollary 6.6). With the notation above,
.
In particular, if ϕ[t] is a polynomial, then ϕ[t]
has degree s and ϕ s = χ * lP .
We deduce that ϕ[t] = t s ϕ[t −1 ] if and only if lP is a translate of a reflexive polytope (Corollary 6.9), generalizing a result of Stanley in the case when G = 1 [31, Theorem 4.4] . We also describe the behavior of {χ mP } m≥0 and ϕ[t] under the operations of direct product and direct sum, and prove an equivariant generalization of a theorem of Braun [7, Theorem 1] . More specifically, we prove that if P is a G-invariant reflexive polytope and Q is an H-invariant lattice polytope containing the origin in its interior, then ϕ P ⊕Q [t] = ϕ P [t] · ϕ Q [t] (Proposition 6.12).
We next consider the delicate question of when ϕ[t] is a polynomial. In Section 7, we provide distinct criterion that guarantee either that ϕ[t] is a polynomial (Lemma 7.1), or is not a polynomial (Lemma 7.3). We say that ϕ[t] is effective if each virtual character ϕ i is a character. Clearly, if ϕ[t] is effective, then ϕ[t] is a polynomial. We prove that ϕ 1 is a character (Corollary 6.7), and if P is a simplex (i.e. P has d + 1 vertices), then we show that the ϕ i are explicit permutation representations (Proposition 6.1).
We offer the following conjecture. If Y denotes the toric variety corresponding to P with corresponding ample, torus-invariant line bundle L, then one may ask whether (Y, L) admits a G-invariant hypersurface that is non-degenerate in the sense of Khovanskiȋ [19] . We refer the reader to Section 7 for details.
Conjecture (Conjecture 12.1). With the notation above, the following conditions are equivalent
• (Y, L) admits a G-invariant non-degenerate hypersurface,
• ϕ[t] is effective,
• ϕ[t] is a polynomial.
The fact that the first condition implies the second condition is Theorem 7.7, and is proved in [36] by realizing ϕ i+1 · det(ρ) as the character associated to the action of G on the i th graded piece of the Hodge filtration on the primitive part of the middle cohomology (with compact support) of a G-invariant non-degenerate hypersurface. In fact, this result provided the initial motivation for this project.
The following corollary can be deduced from this result using Bertini's theorem [17, Corollary 10.9] .
Corollary. (Theorem 7.7) Let Γ(Y, L) G ⊆ Γ(Y, L) denote the sub-linear system of G-invariant global sections of L. If Γ(Y, L) G is base point free, then ϕ[t] is effective.
One easily deduces the following useful combinatorial criterion for effectiveness.
Corollary (Corollary 7.10). If every face Q of P with dim Q > 1 contains a lattice point that is G Q -fixed, where G Q denotes the stabilizer of Q, then ϕ[t] is effective.
In particular, if dim P = 2 and P contains a G-fixed lattice point, then ϕ[t] is effective (Corollary 7.12), and if the order of G divides m, then ϕ mP [t] is effective (Corollary 7.14).
Finally, we consider applications and examples of this theory. Firstly, we prove that if P contains the origin and the fan over its faces can be refined to a smooth, Ginvariant fan △ such that the primitive integer vectors of the rays of △ coincide with the non-zero vertices of P , then ϕ[t] coincides with the character of the representation of G on the cohomology H * (X, C) of the associated toric variety X = X(△) Secondly, observe that the characters {χ mP } m≥0 encode the Ehrhart theory of the rational polytopes P g = {u ∈ P | g · u = u} for all g in G. More specifically, symmetric, reflexive polytopes (Proposition 11.4), using a classification result of Klyachko and Voskresenskiȋ [22] .
We end the introduction with a brief outline of the contents of the paper. In Section 2 and Section 3 we recall some basic facts about Ehrhart theory and representation theory respectively. In Section 4 we reduce to the case when dim P + 1 = dim M ′ R , and provide the setup for the rest of the paper. In Section 5 and Section 6 we prove our results on the representations {χ mP | m ≥ 0} and ϕ[t] respectively.
In Section 7 we give criterion to determine whether or not ϕ[t] is effective, and in Section 8 we give a geometric interpretation of ϕ[t] for a special class of polytopes.
In Section 9 and Section 11 we present examples when P is a hypercube and a centrally symmetric polytope respectively. In Section 10 we demonstrate how our results can be applied to compute the Ehrhart quasi-polynomials of certain rational polytopes. Finally, in Section 12 we present some open questions and conjectures.
Notation and conventions. All representations will be defined over C. We often identify a representation χ with its associated character and write χ(g) for the evaluation of the character of χ at g ∈ G. If V is a Z-module, then we write 
Ehrhart theory
In this section, we recall some basic facts about Ehrhart theory, and refer the reader to [1] and [18] for introductions to the subject.
Let M be a lattice and let Q ⊆ M R be a rational d-dimensional polytope. The denominator of Q is the smallest positive integer m such that mQ is a lattice polytope. If we let f Q (m) = #(mQ ∩ M ) for any positive integer m, then a classical result of Ehrhart [12] Alternatively, if we write
where c i (m) is a periodic function in m, then c 0 (0) = 1, and
If Q is a lattice polytope, then c i (m) = c i is constant, and c d−1 may be interpreted as half the (normalized) surface area of Q. Here the normalized surface area of a facet F of Q equals the Euclidean volume of F ⊆ aff(F ) with respect to the lattice aff(F ) ∩ M .
Let P ⊆ M R be a d-dimensional lattice polytope. After possibly replacing M R with the affine span of P , we may and will assume that M has rank d. It follows from the above result that f P (m) is a polynomial of degree d, called the Ehrhart polynomial of P . By a routine argument, it follows that its generating series has the form
is a polynomial of degree at most d with integer coefficients, called the h * -polynomial of P . Alternative names in the literature include δ-polynomial and Ehrhart h-polynomial. Ehrhart reciprocity translates into the following equality
Observe that
Since P has at least d + 1 vertices, we conclude that
In fact, Stanley used the theory of Cohen Macauley rings to prove that the coefficients h * i are non-negative integers [32] . A combinatorial proof was later given by Betke and McMullen in [4] . The degree s of P is defined to be the degree of h * (t), and the codegree l of P is defined by l = d + 1 − s. Ehrhart reciprocity implies that the codegree can be interpreted as l = min{m | Int(mP ) ∩ M = ∅}, and the leading coefficient of h * (t) is given by h * s = #(Int(lP ) ∩ M ). The polytope P is reflexive if the origin is its unique interior lattice point, and every non-zero lattice point in M lies in the boundary of mP for some positive integer m. The following theorem of Stanley was proved using commutative algebra, while a combinatorial proof was recently given by the author in [38, Corollary 2.18]. 
• lP is a translate of a reflexive polytope.
Remark 2.2. Let △ be a smooth, d-dimensional fan in M R , and let |△| denotes the support of △. Let ψ : |△| → R be the piecewise linear function with respect to △ that has value 1 at the primitive lattice points of the rays of △.
where f i equals the number of cones in △ of dimension i. Note that if |△| = M R , then P is reflexive. Also, one can define the h * -polynomial of P even if P is not convex, and the above equality holds.
Representation theory of finite groups
In this section, we recall some basic facts about the representation theory of finite groups over the complex numbers. We refer the reader to [15] and [21] for an introduction to the subject and proofs of the statements below.
If G is a finite group, then a (complex) representation of G is a finite-dimensional complex vector space V with a linear action ρ : G → GL(V ) of G. We say that the structure of a C-algebra. The C-algebra homomorphism from R(G) ⊗ Z C to C class (G), taking a representation to its character, is an isomorphism. The vector space C class (G) admits a Hermitian inner product
where |G| denotes the order of G, and a denotes the complex conjugate of a ∈ C.
The characters of the irreducible representations of G form an orthonormal basis of C class (G). In the remainder of the paper, we will often identify a representation with its character.
If m V and Sym m V denote the exterior and symmetric powers of V respectively, then we have the following (well-known) equality in R(G) [[t] ].
Lemma 3.1. Let G be a finite group and let V be an r-dimensional representation. Then
Moreover, if an element g ∈ G acts on V via a matrix A, and if I denotes the identity r × r matrix, then both sides equal 
If G acts transitively on a set S, then the associated isotropy group H is the subgroup of G that fixes a given s in S, and is well-defined up to conjugation. The corresponding permutation representation is isomorphic to the induced representation Ind G H 1 of the trivial representation of H. We immediately deduce the following lemma.
Lemma 3.2. Suppose G acts on a set S, and let χ denote the corresponding permutation character. Then χ(g) equals the number of elements of S fixed by g in G, and if λ : G → C is a 1-dimensional representation, then the multiplicity of λ in χ is equal to the number of G-orbits of S whose isotropy subgroup is contained in the subgroup λ −1 (1) of G. correspond to exterior powers of the reflection representation.
The setup
Recall from the introduction that G is a finite group acting linearly on a lattice Observe that the affine span
for all g ∈ G and u ∈ W ∩ M ′ . Regarding P as a lattice polytope in M , we see that P is invariant under G 'up to translation'. That is, if we set consider the function
, and if we identify P with the lattice polytope P − u in M , then
Conversely, assume that G acts linearly on a d-dimensional lattice M , and P is a d-dimensional lattice polytope that is invariant under G 'up to translation'. That is, assume there exists a function w : G → M satisfying w(1) = 0 and w(gh) = w(g) + g · w(h), and such that g · P = P − w(g) for all g ∈ G. Then G acts linearly on the lattice M ′ = M ⊕ Z as follows: g · (u, λ) = (g · u − λw(g), λ) for any g ∈ G and (u, λ) ∈ M ′ . If we identify P with the lattice polytope P × 1 in M ′ , then P is invariant under the action of G. Note that we recover the original linear action of G on M and the induced action on P 'up to translation' via the action of G on M × 0 ⊆ M ′ and P × 0 respectively. Moreover, the complex G-representation (M ′ ) C is isomorphic to M C ⊕ C, where C denotes the trivial representation.
The preceding discussion motivates the following setup:
Let G be a finite group acting linearly on a lattice M ′ = M ⊕ Z of rank d + 1 such that the projection M ′ → Z is equivariant with respect to the trivial action of G on
By identifying M with M × 0, we regard M as a lattice with a linear G-action ρ : G → GL(M ), and consider the corresponding complex G-representation M C .
We often identify P with the lattice polytope
Equivariant Ehrhart theory
The goal of this section is to study the permutation characters {χ mP } m≥0 , and establish equivariant analogues of Ehrhart's original results (see Section 2). Throughout the paper, we often identify representations with their characters.
We will continue with the setup of Section 4 above. We often abuse notation, and consider P as a polytope in M R . Recall that for any positive integer m, χ mP (respectively χ * mP ) denotes the complex permutation representation induced by the action of G on the lattice points mP ∩ M (respectively Int(mP ) ∩ M ), and χ mP denotes the trivial representation when m = 0.
Consider the following rational polytopes.
The following simple lemma provides the motivation to consider these polytopes.
Recall from Section 2 that f
Proof. Since χ mP is a permutation representation, χ mP (g) is equal to the number of lattice points in mP fixed by g (Lemma 3.2). The latter is equal to f Pg (m). The rest of the lemma follows similarly.
Let M g denote the subspace of M R fixed by g. Note that, if we fix an isomorphism M ∼ = Z d , then g acts on M via an integer-valued matrix A, and dim M g equals the number of times 1 occurs (with multiplicity) as an eigenvalue of A.
affine subspace of dimension dim M g , and hence we only need to show that (M ′ ) g ∩ Int(P ) = ∅. On the other hand, if {v i | i ∈ I} denotes the vertices of P , then 1 |I| i∈I v i is a G-invariant point in the interior of P .
If we fix an element g ∈ G, then g permutes the set of vertices {v i | i ∈ I} of P . Let I/g denote the set of orbits of I under the action of g, and, for each orbit ι ∈ I/g, let v ι = 1 |ι| i∈ι v i be the corresponding rational point in P g . Recall that P is a simplex if it has precisely d + 1 vertices.
Lemma 5.4. With the notation above, P g is the convex hull of {v ι | ι ∈ I/g}. In particular, if g r fixes the vertices of P , then rP g is a lattice polytope. Moreover, if P is a simplex, then P g is a simplex with (distinct) vertices {v ι | ι ∈ I/g}.
Proof. Any element w ∈ P can be written in the form w = i∈I λ i v i for some λ i ≥ 0 satisfying i∈I λ i = 1. If w ∈ P g and g r fixes the vertices of P , then
Since ι∈I/g ( i∈ι λ i ) = 1, this proves the first statement. Observing that |ι| divides r, we obtain the second statement. Finally, if P is a simplex, then the vertices
Hence we may identify the representation M ′ C with the permutation representation induced by the action of G on {v i | i ∈ I}. In particular, the dimension of the subspace (M ′ ) g C of M ′ C fixed by g is precisely the number of orbits ι ∈ I/g. By Lemma 5.3, we conclude that dim P g + 1 equals the number of g-orbits of vertices of P , and the result follows.
Recall that G acts on M via ρ : G → GL(M ). Proof. If g acts on M via an integer-valued matrix A, then the eigenvalues of A are roots of unity, and hence
for some complex roots of unity ζ. Comparing constant terms on both sides yields
The result now follows from Lemma 5.3.
Remark 5.6. In fact, the above proof holds provided that ρ : G → GL(M R ) is a real representation.
We are now ready to prove an equivariant analogue of Ehrhart's results in [12] .
Recall that the exponent of G is the smallest positive integer N such that g N = 1
for all g ∈ G, and that the denominator of a rational polytope Q is the smallest positive integer m such that mQ is a lattice polytope. 
The result now follows from Lemma 5.5.
For any positive integer m, Lemma 3.
) equals the number of G-orbits of mP ∩M (respectively Int(mP )∩M ) whose isotropy subgroup is contained in {g ∈ G | det(ρ(g)) = 1}. 
Proof. We apply Theorem 5.7 to the inner products χ mP , 1 and χ mP , det(ρ) , using the fact that χ mP is the trivial representation when m = 0, and the fact that
. The statement about the leading coefficients of f P/G (m) and f P/G (m) follows from Corollary 5.9 below.
With the notation of Theorem 5.7, we may write
where It is a standard fact that if {χ 1 , . . . , χ r } denote the irreducible representations of G,
Corollary 5.9. With the notation above, the leading coefficient
In particular, the multiplicity of a fixed irreducible representation χ in χ mP is a quasi-polynomial in m of degree d with leading coefficient
is a quasi-polynomial of degree strictly less than d unless g = 1, in which case, the leading term is vol(P )m d (see Section 2).
The first statement now follows from (4). The second statement is immediate from the fact that the multiplicity χ st , χ of an irreducible representation χ in χ st is equal to its dimension χ(1).
Remark 5.10. If C denotes the cone over P , then χ mP may be viewed as the representation of G on the m th graded piece of the semi-group algebra R = C[C∩M ′ ].
From this perspective, the above corollary may be viewed as a special case of the results of Howe in [20] . We refer the reader to the work of Paoletti [27, Theorem 1] for a similar result on equivariant volumes of big line bundles on smooth, projective complex varieties.
For any g ∈ G, recall that the index ind(P g ) of P g is the smallest positive integer m such that the affine span of mP g contains a lattice point. By Lemma 5.4, the index of P g divides the order of g. If g acts on M via the integer-valued matrix A, then g is a reflection if all but one of the eigenvalues of A is equal to 1 (the other eigenvalue is necessarily −1). By Lemma 5.3, g is a reflection if and only if dim P g = d − 1. Let s(P ) denote the (normalized) surface area of P (see Section 2).
Corollary 5.11. With the notation above, the second leading coefficient
is periodic in m with period dividing 2, and is given by the (virtual) character Proof. By Lemma 5.2 and the previous discussion, χ mP (g) = f Pg (m) is a quasipolynomial of degree strictly less than d − 1 unless g = 1 or g is a reflection. In the latter case, g 2 = 1 and Lemma 5.4 implies that 2P g is a lattice polytope. Hence, ind(P g ) ∈ {1, 2}, and the first two statements now follow from basic properties of Ehrhart quasi-polynomials (see (1) in Section 2 and the surrounding discussion). The final statement follows from the observation that if g is a reflection, then ind(P g ) = 1 if and only if g fixes a point in M × 1.
Remark 5.12. Recall from the introduction that the generating series of L(m) can be written in the form
,
. It follows from Corollary 5.11 and Lemma 7.3
6. An equivariant analogue of the h * -polynomial
The goal of this section is to study the power series ϕ[t] of virtual representations introduced in the introduction, that may be viewed as an equivariant analogue of the h * -polynomial of a lattice polytope.
We will continue with the notation of Section 4 and Section 5. That is, G acts linearly on the lattice M ′ = M ⊕ Z of rank d + 1, and
denotes the representation ring of G and
, where, by Lemma 3.1,
We first give an explicit description of ϕ[t] when P is a simplex. Recall that P is a simplex if it has precisely d + 1 vertices {v 0 , . . . , v d }. In this case, we define
and let Box(P ) g denote the elements of Box(P ) fixed by g ∈ G. Let u : M ′ = M ⊕ Z → Z denote projection onto the second coordinate.
Proposition 6.1. With the notation above, if P is a simplex, then ϕ i is the permutation representation induced by the action of G on {v ∈ Box(P )
, and the multiplicity of the trivial representation (respectively det(ρ)) in ϕ i equals the number of G-orbits of {v ∈ Box(P ) | u(v) = i} (respectively the number of G- The following remark can be useful for producing examples. 
is regular at t = 1.
It follows from the lemma above that we may consider the rational class function ϕ [1] . Recall that M g denotes the subspace of M R fixed by g, and let (M g ) ⊥ denote the orthogonal subspace in M R . Recall that the index ind(Q) of a rational polytope Q is the smallest positive integer m such that the affine span of mQ contains a lattice point (see Section 2).
Proposition 6.4. With the notation above,
In particular, ϕ[1] takes non-negative values.
Proof. It follows from Lemma 5.2 and Section 2 that if N = dim P g and r = ind(P g ), 
Here m≥0 m N t m = tA(N ;t)
(1−t) N+1 , where tA(N ; t) is the N th Eulerian polynomial, and A(N ; 1) = N ! (cf. Section 9). It follows from Lemma 5.3 
and the first statement follows. The second statement follows since the complex eigenvalues of ρ(g) come in conjugate pairs {e ±iα | α ∈ R}, and (1 − e iα )(1 − e −iα ) = 2 − 2 cos α ≥ 0. The result below is a consequence of the equivariant generalization of Ehrhart reciprocity in Theorem 5.7. Recall from Section 2 that the codegree of P is l = min{m ∈ Z >0 | Int(mP ) ∩ M = ∅} and the degree s = d + 1 − l of P is the degree of h * (t).
Corollary 6.6. With the notation above,
In particular, if ϕ[t] is a polynomial then the degree of ϕ[t] is equal to the degree of P , and ϕ s = χ * lP . In this case, the multiplicity of the trivial representation (respectively det(ρ)) in ϕ s equals the number of G-orbits of Int(lP )∩ M (respectively the number of G-orbits of Int(lP ) ∩ M whose isotropy subgroup is contained in 
Since the eigenvalues of ρ(g) are roots of unity and ρ(g) is integer-valued, det(I − tρ(g) −1 ) = det(I − t ρ(g)) = det(I − tρ(g)). Moreover, by Lemma 5.5, det ρ(g) =
, Proof. Since χ mP is the trivial representation when m = 0, it follows from the definitions that ϕ 0 = 1 and ϕ 1 = χ P − M ′ C . Let W denote the permutation representation of G acting on the vertices {v i | i ∈ I} of P , and let W ′ ⊆ W be the G-submodule consisting of all relations satisfied by the vectors {v i | i ∈ I} in M ′ R . Since P is d-dimensional, the vertices of P span M ′ R as a vector space, and we have an isomorphism of G-representations W/W ′ ∼ = M ′ C . Since W ⊕ χ * P is a subrepresentation of χ P by definition, we conclude that χ P − M ′ C − χ * P is an effective representation. Finally, Corollary 6.6 implies that if ϕ[t] is a polynomial, then ϕ d = χ * P , and the result follows.
The example below demonstrates that we cannot hope that ϕ i is effective for
Example 6.8. Let G = Z/2Z with generator τ , and let χ : G → C be the linear character sending τ to −1, so that the irreducible representations of G are {1, χ}.
Let P be the convex hull of (0, 0), (3, 0), (0, 3) and (3, 3) , and consider the action of
Then, with the notation of Section 4, P is G-invariant 'up to translation', and one computes that ϕ 2 = 5 − χ. Observe that in this example ϕ[t] is not a polynomial by Lemma 7.3.
Recall that a d-dimensional lattice polytope P in M is reflexive if the origin is the unique interior lattice point of P and every non-zero lattice point in M lies in the boundary of mP for some positive integer m. We have the following equivariant version of Theorem 2.1. Recall that the degree s of P is the degree of h * (t) and the codegree of P is l = d + 1 − s.
Corollary 6.9. With the notation above, if P is a G-invariant lattice polytope of degree s and codegree l, then the following are equivalent It is clear from the definitions that ϕ i (g) ∈ Z for all g ∈ G. Moreover, if ϕ[t] is a polynomial, then Corollary 6.6 implies that the leading term ϕ s is a permutation representation, and hence ϕ s (g) is a non-negative integer for all g ∈ G. The example below demonstrates that one can not expect that ϕ i (g) ∈ Z ≥0 in general.
Example 6.11. Let G = Z/6Z with generator σ, and let χ : G → C be the linear character sending σ to ζ 6 = e If H is a finite group acting on a lattice N via ρ ′ : H → GL(N ), and Q is an H-invariant lattice polytope, then the direct product P × Q = {(p, q) | m ∈ P, n ∈ Q} and the direct sum P ⊕ Q = conv{P × 0, 0 × Q} are (G × H)-invariant lattice polytopes. We may and will regard a G-representation (respectively an H-
representation) as a (G × H)-representation via the projection of G × H onto G (respectively H).
Proposition 6.12. With the notation above, χ m(P ×Q) = χ mP · χ mQ , and if P is a reflexive polytope and Q contains the origin in its interior, then
Proof. The first statement is clear since the lattice points of m(P ×Q) are {(p, q) | p ∈ mP ∩M, q ∈ mQ∩N }. For the second statement, it follows from Braun's proof of [7, Theorem 1] that the lattice points of m(
We compute
Effectiveness of representations
The goal of this section is to provide criterion to determine whether the power series ϕ[t] is effective and whether it is a polynomial. We continue with the notation of Section 4, Section 5 and Section 6.
Recall that the generating series of {χ mP } m≥0 can be written in the form
, 
where det(I − ρ(g)t) = (1 − t) dim Pg det(I − ρ(g)t) (M g ) ⊥ (cf. Proposition 6.4), and
Remark 7.2. It follows from Lemma 5.4 and the lemma above that ϕ mP [t] is a polynomial if the exponent of G divides m.
We next provide a negative result. Recall that the index of a rational polytope Q is the smallest positive integer m such that the affine span of mQ contains a lattice point (see Section 2).
Lemma 7.3. With the notation above, fix an element g in G, and let r denote the index of P g . If rP g is a lattice polytope, and dim
is not a polynomial. In particular, if there exists a reflection that doesn't fix a point in
is not a polynomial.
Proof. Recall from Section 2 that f Pg (m) = 0 unless r|m. Hence, by Lemma 5.3,
where det(I −ρ(g)t) = (1−t) dim Pg det(I −ρ(g)t) (M g ) ⊥ (cf. Proposition 6.4). If ζ is an r th root of unity, then ζ is not a root of h * rPg (t r ) (in fact, h * rPg (1) is equal to (dim P g )! times the volume of rP g ). Hence if ϕ[t] is a polynomial, then (1+t+·
If g 2 = 1, then 2P g is a lattice polytope by Remark 7.4 below. If g is a reflection that doesn't fix a point in M × 1, then r = 2, dim P g = d − 1, and the second statement follows. Let P be the G-invariant, 3-dimensional lattice polytope with vertices ±(0, 0, 1), ±(1, 0, 1), ±(0, 1, 1) and ± (1, 1, 1) , and observe that the origin is a G-fixed lattice point in the interior of P . In fact, P is reflexive and has h * -polynomial h * (t) = 1+5t+5t 2 +t 3 (cf. Corollary 6.9). If M τ denotes the lattice fixed by τ , then we have an isomorphism M τ ∼ = Z 2 , (1, 0, 2) → e 1 , (0, 1, 0) → e 2 . Under this isomorphism, P τ corresponds to the rational polytope with vertices ± e 1 2 and ±( e 1 2 + e 2 ). One computes that 2P τ is a 2-dimensional lattice polytope with h * 2Pτ (t) = 1 + 6t + t 2 and f Pτ (m) = f 2Pτ (⌊ m 2 ⌋), and hence
We conclude that if χ : G → C denotes the linear character sending τ to −1, then
We 
is a polynomial with non-negative coefficients, and if P is a simplex, then Proposition 6.1 implies that the representations ϕ i are effective.
For the remainder of the section we will provide criterion that guarantee that ϕ[t]
is effective.
We briefly recall some basic facts about toric varieties, and refer the reader to [14] and [41] for details. The lattice polytope P determines a complex, projective T Q for all Q ⊆ P . Non-degenerate hypersurfaces were first studied by Khovanskiȋ [19] , and, recently, have been extended to the notion of a Schön subvariety of a torus by Televev [41] .
Equivalently, a hypersurface X • = {f = u∈P ∩M a u χ u = 0} ⊆ T = T P is nondegenerate with Newton polytope P if {f Q = u∈Q∩M a u χ u = 0} ⊆ T is a smooth (possibly empty) hypersurface in T for all Q ⊆ P . One can show that these two notions of non-degenerate coincide. That is, X = X • is non-degenerate if and only if X • = X ∩ T is non-degenerate. The key point in proving this equivalence is the fact that
Recall that G acts on M and leaves P invariant 'up to translation'. There is an
following result is proved in [36] using the theory of mixed Hodge structures. [17] ). In order to compute examples, we give the following condition that, using (5), one can show is equivalent to the condition that Γ(Y, L) G is base point free: for each face Q ⊆ P , the linear system
on T is base point free, where G Q denotes the stabilizer of Q. The following corollary is immediate from the above two remarks. We have the following two applications. 
Group actions on cohomology
In this section we consider a class of polytopes for which ϕ[t] is effective and has a natural geometric interpretation. We continue with the notation of Section 4, Section 5 and Section 6.
Let △ be a smooth, G-invariant, d-dimensional fan in M R , and let X = X(△) denote the associated toric variety. Note that X has no odd cohomology, and the action of G on X induces a representation of G on H * (X; C). If |△| denotes the support of △, then let ψ : |△| → R be the piecewise linear function with respect to △ that has value 1 at the primitive lattice points of the rays of △. Recall that P is reflexive if the origin is its unique interior lattice point, and every non-zero lattice point in M lies in the boundary of mP for some positive integer m. Proposition 8.1. With the notation above, if P = {v ∈ M R | ψ(v) ≤ 1} is convex, then P is a G-invariant lattice polytope and ϕ i is isomorphic to the G-representation H 2i (X; C). In particular, if |△| = M R , then P is reflexive, and the multiplicities of a fixed irreducible representation in the representations ϕ i form a symmetric, unimodal sequence.
Proof. We refer the reader to [8, Section 1] and [28] for basic facts on the equivariant cohomology of toric varieties. Let C[M ] △ denote the deformed group ring of △. It has a C-vector space basis {x v | v ∈ |△| ∩ M } and multiplication
The action of G on the T -fixed points of X induces (via GKM localization) an action of G on the T -equivariant cohomology ring H * T X. In particular, there is a natural G-equivariant, graded isomorphism C[M ] △ ∼ = H * T (X; C) (in fact, both sides are naturally isomorphic to the complex Stanley-Reisner ring of △). Here C[M ] △ inherits a natural grading from ψ : |△| → R (see the above discussion), and we consider H 2m T X to have degree m. In particular, the representation of G on H 2m
T (X; C) is isomorphic to χ mP − χ (m−1)P for all positive integers m.
There is a natural G-invariant graded isomorphism
we have an isomorphism of graded, 
and the result follows by Lemma 3.1. The second statement is well-known and follows from the fact that the Hard Lefschetz theorem holds when X is projective, and the observation that taking the cap product with a hyperplane class commutes with the action of G on the cohomology of X (see, for example, [33, p. 64]). Finally, if |△| = M R and P is convex, then P is reflexive by definition.
Remark 8.2. In the above proposition, the assumption that 
. We consider this example in more detail in Section 9 (cf. Remark 9.4). 
The subgroup Sym 2 ⊆ B 2 consists of the identity element and τ σ = (13 For the remainder of the section, we consider the action of the symmetric group
In this case, P is invariant under the action of G, and ρ : G → GL(M ) is the standard representation of the symmetric group (4). If g ∈ G has cycle type (µ 1 , . . . , µ r ), then P g is isomorphic to an r-dimensional cube, and hence
We conclude that
Recall from Section 8 that the Coxeter fan △ A d−1 is the fan determined by the hyperplanes associated with the root system A d−1 , and Sym d acts on the coho- Proof. This follows by comparing (7) with Corollary 8.4, using the fact that if g ∈ G has cycle type (µ 1 , . . . , µ r ), then dim M g = r and det(I − ρ(g)t) = i (1 − t µ i ). is a reflexive polytope and Corollary 6.9.
In fact, Stembridge proves that the representation H * (X A d−1 ; C) is an explicit graded permutation representation [39] . We briefly recall his decomposition of 
where (T, f ) is summed over all marked tableaux of shape λ.
Stembridge also used the above theorem to give a combinatorial proof that the , and a result of Lehrer
We summarize the results of this discussion in the following proposition. 
where {χ λ | |λ| = d} are the irreducible representations of Sym d , then the coefficients of P λ (t) = t d−1 P λ (t −1 ) are unimodal, and
where (T, f ) is summed over all marked tableaux of shape λ. In particular, 
Applications to rational polytopes
In this section, we present an example to demonstrate how one can use the theory developed in the previous sections to explicitly describe the Ehrhart theory of certain classes of rational polytopes. We continue with the notation of Section 4, Section 5
and Section 6.
Recall that the characters {χ mP } m≥0 encode the Ehrhart theory of the rational
More specifically, by Lemma 5.2, Let G = Sym 2n and consider the natural action of
That is, M C = χ (2n−1,1) is the quotient of the standard representation (4) by a 1-dimensional invariant subspace. Let P be the standard reflexive simplex with vertices given by the images of the standard basis vectors e 1 , . . . , e 2n in Z 2n . It is well known that h * (t) = 1 + t + · · · + t 2n−1 , and hence Proposition 6.1 implies that 
For example, g = (12 . . . n) has cycle type (n, 1 n ), and hence P g is the n-dimensional rational polytope with denominator n and vertices given by the images of e 1 + . . . + e n n , e n+1 , . . . , e 2n .
Moreover,
In particular, P g is a PIP with Ehrhart quasi-polynomial f Pg (m) = m+n n + m n . For n ≥ 2, note that the coefficient of t in the numerator 1 + t n is strictly less than the coefficient of t n , and hence the inequality (3) implies that f Pg (m) is not the Ehrhart polynomial of a n-dimensional lattice polytope.
Centrally symmetric polytopes
The goal of this section is to explicitly describe the equivariant Ehrhart theory of centrally symmetric polytopes. We continue with the notation of Section 4, Section 5 and Section 6.
with generator σ, and let χ : G → C be the linear character sending σ to −1, so that the irreducible representations of G are {1, χ}. The polytope P is centrally symmetric if it is G-invariant with respect to the action of G on M in which σ acts via the diagonal matrix A = (−1, . . . , −1).
First observe that the origin is an interior lattice point of P , and hence Corollary 7.10 implies that ϕ[t] is effective. On the other hand, we claim that the polynomial ϕ[t] is determined by the h * -polynomial of P . Indeed, observe that P σ = {0}, and hence, by Lemma 5.2,
It easily follows that
In particular, observe that the effectiveness of the representations ϕ i is equivalent to the lower bound h * i ≥ Similarly, the representations χ mP are determined by the Ehrhart polynomial
In order to compute some explicit examples, we recall the classification of nonsingular, centrally symmetric, reflexive polytopes by Klyachko and Voskresenskiȋ in [22] . We note that these results have been extended by Ewald [13] , Casagrande [9] and Nill [26] . Recall that a d-dimensional lattice polytope P in M R is reflexive if the origin is the unique interior lattice point of P and every non-zero lattice point in M lies in the boundary of mP for some positive integer m. We say that P is non-singular if, furthermore, the vertices of each facet of P form a basis for M . Let {e 1 , . . . , e d } be a lattice basis for M , and let V (2k, d) be the lattice polytope
is called the Klyachko-Voskresenskiȋ polytope or KV-polytope. By the above discussion, it remains to compute the h * -polynomial of a KV-polytope.
If △ denotes the fan over the faces of V (2k, 2k), then Remark 2.2 implies that h * V (2k,2k) (t) = h △ (t) = One verifies that the latter two terms sum to 
Open questions and conjectures
We end the paper by presenting some open problems and directions for future research. We continue with the notation of Section 4, Section 5 and Section 6. We offer the following conjecture.
Conjecture 12.1. With the notation above, the following conditions are equivalent
Observe that the equivalence of the last two conditions in the above conjecture holds in dimension 2 by Corollary 6.7.
We have seen that if P is a simplex (Proposition 6. Conjecture 12.3. For any g in G,
is a non-negative integer.
We also offer the following conjecture on the appearance of the trivial representation.
Conjecture 12.4. If ϕ[t]
is a polynomial and h * i > 0, then the trivial representation occurs with non-zero multiplicity in ϕ i .
It may also be interesting to consider the above conjecture in the special case when P contains a G-fixed lattice point in its interior (in this case, h i > 0 for 0 ≤ i ≤ d).
The conjecture holds in all examples presented in this paper. In particular, it holds when P is a simplex by Proposition 6.1, and when dim P = 2 by Corollary 6.6 and Corollary 6.7.
Lastly, we list a number of possible directions for future research.
• Resolve the conjectures and questions above when G = Z/2Z.
• Consider the lower degree coefficients L i (m) in Section 5. Can one say something about their minimal periods, even in the case when P is a simplex?
• What can one say about the asymptotic behavior of ϕ mP [t] for m sufficiently large and divisible (cf. Corollary 7.14, [3] )?
• What can be deduced from the equivariant Riemann-Roch formula [16, pendix I]? This was suggested to the author by Roberto Paoletti.
• Can one develop a natural equivariant version of weighted Ehrhart theory
[37]?
• Describe the equivariant Ehrhart theory of the permutahedron (cf. [29] ).
• Compute the representations ϕ[t] when G is the full symmetry group of the polytopes appearing in Proposition 11.4.
